Fine structure of helium-like ions and determination of the fine structure constant 
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We report a calculation of the fine structure splitting in light helium-like atoms, which accounts 
for all quantum electrodynamical effects up to order a 5 Ry. For the helium atom, we resolve the 
previously reported disagreement between theory and experiment and determine the fine structure 
constant with an accuracy of 31 ppb. The calculational results are extensively checked by comparison 
with the experimental data for different nuclear charges and by evaluation of the hydrogenic limit 
of individual corrections. 
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Accurate measurements of the fine structure of the 2 3 P 
level of helium and helium-like ions make possible a pre- 
cise test of quantum electrodynamic (QED) theory of the 
electron-electron interaction in bound systems. Alterna- 
tively, assuming the validity of the theory, the fine struc- 
ture constant a can be determined with a high accuracy. 
This fact was first pointed out by Schwartz in 1964 [l|. 
Fourteen years later, after a series of dedicated studies, 
Schwartz's program of calculations resulted in a theoret- 
ical description of the helium fine structure complete up 
to order ma e (or a 4 Ry) and a value of a accurate to 
0.9 ppm @. 

Further theoretical progress met serious difficulties. It 
was only in 1996 that a calculation of the dominant part 
of the next-order ma 7 contribution was reported Q • To 
complete the calculation of this contribution turned out 
to be a challenge. A number of investigations re- 
ported partial results, yielding significant disagreement 
with the experimental data. The first complete calcula- 
tion 0] increased the disagreement even further by re- 
porting differences of more than 10 standard deviations 
with the experimental results for the 2 3 Pq — 2 3 P X (= i/qi) 
and 2 3 P 1 - 2 3 P 2 (= v 12 ) intervals of helium 

In our previous investigation @ we recalculated all ef- 
fects up to order ma 7 to the fine structure of helium with 
improved numerical precision, and significantly reduced 
the deviation of theory from experiment. In this Letter 
we eliminate a small inconsistency in our previous evalu- 
ation of Bethe logarithms and obtain agreement with the 
latest experimental results for helium. We also calculate 
the fine structure of helium-like ions with nuclear charges 
Z up to 10 and observe good agreement with most of the 
experimental data. As an independent check of our cal- 
culations, we study the hydrogenic (Z — > oo) limit of 
individual corrections and demonstrate the consistency 
of the obtained results with the hydrogen theory. 

The agreement observed for helium-like ions and the 
confirmed hydrogenic limit are substantial evidences of 
the reliability of our helium results. We are thus in a 
position to make an independent determination of the 
fine structure constant. The comparison of our theoret- 



ical prediction for the vqi interval in helium (accurate 
to 57 ppb) with the experimental result Q (accurate to 
24 ppb) determines the value of a with an accuracy of 
31 ppb, see Eq. (J9j) below. This is currently the third- 
precise method of determination of a, after the electron 
g factor [l(| and the atomic recoil effect [ll|. Measure- 
ments of a by different methods provide a sensitive test 
of consistency of theory across a range of energy scales 
and physical phenomena. 

The energy levels of light atoms are addressed here 
within a rigorous QED approach based on an expansion 
of both relativistic and radiative effects in powers of a 
This approach allows one to consistently improve 
the accuracy of calculations by accounting for various 
effects order by order. The helium fine-structure splitting 
is thus represented as 
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where the expansion terms £^ may include In a. The 
summary of results for energy levels up to order of 
ma e is given in our previous investigation (l3| . In the 
present Letter we evaluate corrections of order ma 7 and 
m 2 a 6 /M, where M is the nuclear mass. The ma 7 cor- 
rection can be represented as a sum of four parts, 
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The first part combines all terms with In Z and In a 0, 
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where r = f\ — r*2 , Hq and Eq are the Schrodinger Hamil- 
tonian and its eigenvalue, and is the spin- dependent 
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3 /M to the 2 3 Pj — 2 s Pji fine-structure intervals of helium-like atoms. 
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part of the Breit-Pauli Hamiltonian (see Eq. (3) of 
Ref. [|). 

The second part of £^ is induced by effective Hamil- 
tonians to order ma 7 , which were derived by one of us 
(K.P.) in Refs. 0,1- (The previous derivation of this 
correction by Zhang [14[ turned out to be not entirely 
consistent.) The result is 



The third part of £^ is given by the second order 
matrix elements of the form [7j 
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where the Hamiltonian Hq is induced by the two-photon 
exchange between the electrons, the electron self-energy, 
and the vacuum polarization, Hh represents the anoma- 
lous magnetic moment (amm) correction to the Douglas- 
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(see Eq. (6) of Ref. |8j), Hf s is the amm correction to 
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Kroll operators (see Eq. (101) of Ref. H), and tfj, 1,,, The fcurth pM of £(7) is , he low _ eil( . rgy contribution 



is the ma 7 part of the Breit-Pauli Hamiltonian with in- 
clusion of the amm effect (see Eq. (3) of Ref. 0). The 
Hamiltonian Hq is 
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that can be interpreted as the relativistic correction 
to the Bethe logarithm. It is given by [|[ 
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Here, the terms with In Z compensate the logarithmic 
dependence implicitly present in expectation values of 
singular operators 1/r 3 and 1/r 5 . 



where S (. . .) denotes the first-order perturbation of the 

matrix element (...) by H^\ 

Our calculational results for the corrections of order 
ma 7 and m 2 a 6 /M are listed in Table Q] For the loga- 

(7) 

rithmic part £\ l, our results fully confirm the previous 
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TABLE II: Individual contributions to the 2 3 Pj — 2 s Pji fine-structure intervals of helium- like atoms, in MHz/Z 4 . 
(J, J') Z ma 4 ma 5 ma 6 ma 7 (log) ma 7 (nlog) Total 
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calculation Q. The recoil correction and a part of 

the second-order contribution Esec were calculated for he- 
lium by Drake @ • Our results agree with those of Drake 
for the second-order part but differ by about 5% for the 
recoil correction. The difference entails a small shift of 
about 0.5 kHz for the 2/qi and z/ 12 intervals. The he- 
lium results listed in Table U differ from those reported 
by us previously [§[ only in the Bethe logarithm part 

(7) 

£ L . By checking the hydrogenic limit for this correc- 
tion, we found that our previous evaluation Q contained 
a mistake. Its source was a term missing in the final 
expressions for El%. More specifically, \riK and hiK in 
Eqs. (168) and (173) of that work should be replaced by 
ln(2K/Z 2 ) and \n(2n/Z 2 ), respectively. (To note, the 
term in question was correctly accounted for in the orig- 
inal calculation [J].) This term increases the theoretical 
values of the z/oi and 1^2 intervals by 6.1 and 1.6 kHz, 
respectively. 

Table U also presents the results for the high-Z limit 
of individual ma 7 corrections. This limit was evaluated 
numerically by fitting the 1 / Z expansion of our numerical 
data and compared to the analytical results known from 
the hydrogen theory [l6j]. A remarkable feature of the 
ma 7 corrections is their strong Z dependence. Table U 
demonstrates that for the largest Z studied, the values of 

(7) (7) 

^log anc ^ &l are s t m very different from their hydrogenic 
limits (even the sign is often opposite). 

Combining the results presented in Table fl] with the 
contributions of lower orders from our previous investi- 
gation [l3[ , we obtain total theoretical values of the fine- 
structure intervals in light helium-like atoms summarized 
in Table |H] The uncertainties quoted in the table are due 
to uncalculated effects to order ma 8 . These effects were 
estimated by scaling the ma 6 correction by the factor of 



(Za) 2 . For helium, the estimates for the vqi and ^12 in- 
tervals were obtained by taking the ma 6 correction for 
^02- In all other instances, the ma e correction for the 
corresponding interval was taken. It is remarkable that 
in all the cases except helium, the theoretical accuracy 
is significantly (usually by a factor of 1 /Z) better for the 
vq2 interval than for vq\ and ^12. This is due to the ab- 
sence of the leading term in the 1/Z expansion of the 
ma e correction (and some others) for the ^02 interval. 

We note that the present calculation is performed for 
a spinless nucleus. For a nucleus with spin, the hyperfine 
splitting (hfs) can usually be evaluated separately and 
employed for an experimental determination of the fine 
structure. This procedure, however, ignores the mixing 
between the hfs and the fine structure. So, more accu- 
rate calculations should account for both effects simulta- 
neously. 

The comparison with experiment is summarized in Ta- 
ble IIII1 The agreement between theory and experiment 
is usually very good. The only significant discrepancy is 
for Be 2+ , where the difference amounts to 1.7 standard 
deviations (a) for V12 and 3.5 a for vq2- Our result for the 
voi interval of helium agrees well with the experimental 
values [1, For the ^12 interval, our theory is by 

about 2a away from the values obtained in Refs. [24| 
but in agreement with the latest measurement by Hessels 
and coworkers [l7j . 

Assuming the validity of the theory, we combine the 
theoretical prediction for the vqi interval in helium with 
the experimental result @ and obtain the following value 
of the fine structure constant, 

a- 1 (He) = 137.036 001 l(39) th co(16)exp, (9) 

which is accurate to 31 ppb and agrees with the more pre- 
cise results of Refs. [Hj, [ll|]- The theoretical uncertainty 
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TABLE III: Comparison of theoretical and experimental re- 
sults for the fine-structure intervals of helium-like atoms. 
Units are MHz for He and Li + and cm -1 for other atoms. 



(J, J") 


Z 


Present work 


Experiment 


Ref. 


(0,1) 


2 


29 616.952 3(17) 


29 616.951 66(70) 










29 616.952 7(10) 


[18] 








29 616.950 9(9) 


[19] 




3 


155 704.584(48) 


155 704.27(66) 


[20] 




4 


11.557 756(33) 


11.5586(5) 


[21] 




5 


16.198 21(29) 


16.203(18) 


[22] 




7 


-8.673 1(67) 


-8.670 7(7) 


[23] 


(1.2) 


2 


2291.178 9(17) 


2 291.177 53(35) 


[17J 








2 291.175 59(51) 










2 291.175 9(10) 


[24] 




9 


-957.886(79) 


-957.873 0(12) 


[25] 


(0,2) 


3 


93 025.266(34) 


93 025.86(61) 


[20] 




4 


-3.334 663(10) 


-3.336 4(5) 


[21] 




5 


-36.463 787(66) 
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of the above value of a is more than twice larger than 
the experimental one. In order to improve the theoret- 
ical accuracy, one has to calculate the ma 8 correction. 
Its complete evaluation is extremely difficult. One can 
hope, however, to identify the dominant part of this ef- 
fect, since most of ma 8 operators should be negligible. 



This task is simpler to accomplish for the 1^02 interval, 
since the effects of the triplet-singlet mixing are absent 
in this case. It is also possible to estimate the ma 8 cor- 
rection from an independent measurement for a different 
Z. So, an accurate experimental determination of the 
V02 interval in a light helium-like ion (preferably, 12 C 4+ 
since it has a spinless nucleus) would yield an estimate 
for the ma 8 term in helium with a 50% accuracy, thus 
reducing the theoretical uncertainty of this interval by a 
factor of 2. 

In summary, our present study concludes the evalua- 
tion of the ma 7 correction to the fine structure of light 
helium-like atoms and resolves the discrepancy between 
theory and experiment reported in the literature. The 
theoretical values agree with the latest experimental re- 
sults for helium, as well as with most of the experimental 
data for helium-like ions. A combination of the theoreti- 
cal and experimental results for the 2 3 Pi — 2 3 Pq interval 
in helium yields an independent determination of the fine 
structure constant a accurate to 31 ppb. The precision 
will be increased further when more accurate estimates 
of the higher-order effects are obtained from theoretical 
or experimental studies. 
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